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In brief

Some brain regions are theorized to
represent complex behaviors through
compositions of simpler neural building
blocks. Mynhier et al. provide an
example, showing that hand and eye
movements are compositionally encoded
in human posterior parietal cortex,
providing a framework for modular neural
decoding.
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SUMMARY

Human posterior parietal cortex (PPC) is known to play a role in hand-eye (H-E) coordination, yet the under-
lying encoding mechanisms remain uncertain. We recorded 412 single neurons across 11 sessions from
motor cortex (MC; n = 251) and PPC (n = 161) in a single human participant performing an H-E coordinated
center-out task. While MC neurons showed negligible modulation by eye movements, 79% of PPC neurons
had neural representations that were additively separable into independent hand- and eye-movement tuning
curves. Due to this separability, representations could be separated and additively recomposed while main-
taining structural similarity. Consequently, compositional decoders trained solely on single-effector move-
ments could match the performance of decoders trained on coordinated H-E movements (hand: 66% vs.
69%; eye: 34% vs. 36%). These results show that, during simple center-out tasks, MC hand-movement codes
are unaffected by eye movements and that compositionality can be used to modularly decode H-E coordi-

nated movements in PPC.

INTRODUCTION

The human posterior parietal cortex (PPC) is a core part of the
dorsal visual stream, a processing pathway that governs how
vision is used for physical actions.” In particular, PPC encodes
spatial processing for visually guided actions®™* and supports
effective hand-eye (H-E) coordination during natural behaviors,
including reaching and grasping.®~” The encoding of H-E coordi-
nation in PPC has been studied extensively in nonhuman primate
(NHP) models, across diverse experimental paradigms.®2°
Throughout these studies in NHPs, PPC has proved to be a het-
erogeneous region with many different areas and functional
properties.”®° While many NHP findings remain unverified in
humans, human lesion studies indirectly confirm PPC’s critical
role in H-E coordination.'*? For example, damage to PPC can
result in optic ataxia, a disorder impairing visually guided reach-
ing despite intact primary visual and motor function. Patients
with optic ataxia often misreach for targets, particularly in periph-
eral vision or contralesional space, consistent with a disruption in
transforming visual information into appropriate motor
commands.®! PPC lesions can also produce spatial neglect syn-
dromes, in which movements toward one side of space are sys-
tematically impaired.®® Together, these deficits indicate that the
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link between vision and action is fundamentally compromised
following PPC damage.

Hand and eye movements performed separately have previ-
ously been decoded from PPC in brain-machine interface
(BMI) studies.®***> However, the decoding of simultaneous
hand and eye movements has yet to be explored systematically
with BMIs. Decoding coordinated H-E movements is particularly
important because they commonly arise in BMI settings due to
gaze shifts accompanying nearly all natural motor behaviors.*®
Although, the best way to decode simultaneous H-E movements
is still unknown.

In recent years, BMI studies in the motor cortex (MC) have
increasingly observed the neural representations of multi-vari-
able motor movements, such as multi-limb, multi-finger, and
bimanual movements, to be compositional.>’~*?> A neural repre-
sentation is considered compositional when it can be separated
into independent codes corresponding to each variable of a
movement. Such a structure has enabled the construction of
complex BMIs which require multiple degrees of freedom,
such as writing or piloting cars and drones.**>*> While motor
movements appear to be compositional, it is unclear whether vi-
sual signals can also be composed with motor signals during H-E
coordination. Moreover, while compositionality has been shown
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in PPC,*®*” most compositional BMIs rely on MC. Thus, here we
test whether H-E representations in PPC exhibit the composi-
tional structure and can support compositional decoding.

To test compositionality, we characterize single-neuron repre-
sentations of H-E coordinated movements in the hand knob of
MC and the superior parietal lobule (SPL) of PPC during a stan-
dard center-out task. We find that mixed selective neurons have
additively separable codes for hand and eye movements. We
also find that univariate (or single-effector [SE]) representations
of isolated hand or eye movements generalize to multi-effector
(ME) representations of coordinated H-E movements. Crucially,
these properties allow us to create compositional decoders. We
demonstrate that compositional decoders trained solely on SE
data can predict coordinated H-E movements as well as
decoders trained directly on ME data. Together, these findings
support that, in common BMI contexts, H-E representations in
human SPL can be treated as compositional and support scal-
able, efficient decoding.

RESULTS

Single neurons have composable and separable hand-
eye representations

We performed an H-E coordination task (Video S1) with two kinds
of trials, SE and ME, across 11 clinical sessions. Both kinds of trials
use a 6-target, center-out structure. During an ME trial (Figure 1A),
both a hand reach and gaze shift are made simultaneously toward
targets presented at angles 64 and 0g. During the SE trials
(Figure 1D), only one movement (hand or eye) is made toward a sin-
gle presented target with the other effector fixed. Trial type was
indicated by the target configuration, with no separate instructional
cue period. ME trials presented two perimeter targets, whereas SE
trials presented one perimeter target and one target at the center
fixation position. A block of trials comprised 3 repetitions of all
49 trial types (36 ME, 12 SE, and 1 control), presented in a pseudo-
random order. Over the course of a clinical session, 2-3 blocks
were completed (see STAR Methods).

SE trials provided a controlled characterization of how move-
ments of each effector independently modulated neuronal firing
rate (FR). The resulting hand and eye tuning curves (TCs), fﬁE(aH)
and ZE(9g), respectively (Figure 1E), were 6 x 1 vectors repre-
senting an example SPL neuron’s mean FR at each of the six
discrete target angles (see STAR Methods). ME trials helped to
characterize how simultaneous hand and eye movements
modulated neuronal FR. For the same example neuron, the re-
sulting joint H-E tuning surface (TS), f¥E(6y,6¢) (Figure 1B),
was a 6 x 6 grid representing the mean FR for each combination
of the six hand and six eye target angles (see STAR Methods).

For this example neuron, ME surfaces (f¥£ (0, 0)) were able
to be separated into one-dimensional TCs, (f¥€(64) and
ME (9g)) (Figure 1C) (see STAR Methods). Conversely, its SE
TCs (f5F (6y) and f3E (6g)) were able to be additively composed
into a two-dimensional TS (fﬁE(eH, 0e)) (Figure 1F) (see STAR
Methods). Together, these results provide a conceptual frame-
work for how joint H-E representations can be disentangled
and equivalently how separate hand and eye representations
can be additively composed.
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Single-neuron representations are additively separable
ATS is additively separable F (64, 0¢) = f(6n) + f(0g) if and only if
it has no cross-partial derivatives 0°F(6y,0g)/00nd0: = O (see
STAR Methods). In other words, TSs separate into independent
components when the encoded variables do not interact. TS
cross-derivatives were calculated with centered wrap-around
finite-difference calculations (see STAR Methods). Every neuron
in MC and SPL was subject to a separability test using the cross-
partial derivative of its TS (Hz/rad?) (see STAR Methods). The q
values for all neurons in both areas, arising from the separability
test, create two distributions (Figures 2A and 2H). Because neu-
rons in MC do not commonly encode eye movements, they
should be trivially separable F(0y,0e) = f(6n) + 0. Consistent
with that, all 251 (100%) neurons in MC were found to have no
significant cross-derivative energy and thus were additively
separable. In SPL, 127 (79%) neurons were found to have no sig-
nificant cross-derivative energy, while 34 (21%) neurons were
found to have TSs with cross-derivative energy greater than a
random surface.

To better understand the subset of SPL neurons exhibiting sig-
nificant interaction terms, we decomposed their TSs into addi-
tive and residual interaction components (see STAR Methods;
Figures S1A-S1F). Although these neurons contained statisti-
cally significant interaction structure, the additive component
remained substantially larger than the residual interaction
component. Across the 34 SPL neurons with significant interac-
tion terms, the average peak-to-peak amplitude of the additive
component was 1.43 + 0.15 Hz (SEM) compared to 0.73 =
0.06 Hz for the residual interaction component, corresponding
to an additive-to-residual amplitude ratio of 1.93. Likewise, on
average, the residual interaction component accounted for
only 26.7% of the total surface variance. Thus, the majority of
firing-rate modulation remained attributable to the additive
hand and eye representations. Interestingly, the residual
interaction component was not random. Instead, it exhibited a
structured relational code organized around the congruent and
anti-congruent H-E movement axes (Figures S1G-S1M). On
average, 55.9% of the residual representation peaks were
concentrated along these relational axes compared to 33.3% ex-
pected from a uniform distribution. However, because this inter-
action structure remained substantially weaker than the dominant
additive components, these neurons can still be reasonably
approximated as additively separable, with the residual interac-
tion terms acting primarily as a structured source of modeling
error.

Treating all neurons as approximately separable, we quanti-
fied the relative encoding strength of each variable and their in-
teractions using a Hessian matrix. Hessian matrices capture
the local curvature of a function by calculating its second-order
partial derivatives. In the context of neuronal representations of
two behavioral variables, the elements of a 2 x 2 Hessian reflect
how sharply a neuron’s FR changes with respect to hand and eye
movements, either independently (diagonal terms) or jointly (off-
diagonal terms) (see STAR Methods). If a TS is additively sepa-
rable, its Hessian should be diagonal over its whole domain,
with no cross-partial derivatives. Across all neurons in MC, the
average value of the Hessian’s symmetric off-diagonal terms
was 0.12 + 0.01 Hz/rad? (SEM), while the diagonal terms were
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Figure 1. Single-session overview of task, representations, and properties

(A) Schematic of the ME center-out task: two simultaneous targets (hand and eye) are presented at angular locations 6 and 6g.

(B) Example SPL neuron’s ME TS—FR as a function of hand and eye angles (64 and 6g); surface color encodes FR (Hz) magnitude.

(C) TCs derived from separating the ME TS (projections along 6, and 6g). Points are means of the raw FR at each angle; error bars are the standard error of the

mean (SEM).

(D) Schematic of the SE tasks: isolated hand or eye movements are performed on separate trials.

E) TCs from SE trials (hand, eye), plotted as mean + SEM of FR.

(
(F) Additive SE surface formed by composing the two SE TCs (hand + eye + constant) on the (6 and 6g) grid.
(B), (C), (E), and (F) are representations from an example neuron from the SPL of PPC.

0.82 + 0.06 Hz/rad® and 0.26 + 0.02 Hz/rad? for the hand and eye
second derivatives, respectively (Figure 2B). Similarly, for all
neurons in SPL, the average value of the off-diagonal terms
was 0. 10 + 0.01 Hz/rad? and the diagonal terms were 0.49 +
0.04 Hz/rad? and 0.33 + 0.02 Hz/rad? for the second derivative
of the hand and eye, respectively (Figure 2l). The interaction cur-
vature strength was 20% of the hand curvature strength and
30% of the eye curvature strength, as measured by root mean
square (RMS) deviation. So, across the population, the average
interaction curvature was much weaker than primary effector
curvature.

Separable TSs can be expressed as a simple sum of indepen-
dent TCs (f¥E (0u,0e) = gME(0n) +hYE (6g)). In the ME context,
independent TCs for the hand (g¥E (0n)) and eye (h¥E (gg)) can
be obtained by projecting the ME TS onto one behavioral vari-
able (averaging/marginalizing over the other variable) and
centering (see STAR Methods). The ME TS (fME(6n, 6k))

(Figures 2C and 2J) and projected TCs (gM(64) and h¥E (6g))
(Figures 2D and 2K) are visualized for an example neuron from
each brain area. For both example neurons, the reconstructed
additive surfaces 7VE(6y,0g) = g(0) +h(0) (Figures 2E and
2L) were good approximations of the pre-projection empirical
ME TS (MC: R? = .9; PPC: R? = .69).

To quantify reconstruction quality across all neurons, we
compared Y (04, 6¢) and ?’A,”E(BH,HE) over the common 6 x 6
grid using a weighted coefficient of determination (see STAR
Methods). The mean of the per-neuron R? distribution was .64
in MC and .57 in SPL; therefore, the average additively recon-
structed surfaces were moderately linearly related to their raw
empirical counterparts (Figures 2F and 2M). Across the distribu-
tion of all neurons, the average Pearson correlation coefficients
(p) between the raw and reconstructed TSs was .79 in MC and
.74 in SPL, indicating a consistently positive and strong linear
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Figure 2. Separability of individual neurons during ME task

(A-G) Summarize the separability of neurons in the MC whereas (H-N) summarize the separability of neurons in the SPL. (A) Histogram of separability permutation
test log(q) values for all neurons in MC. Significant g values (left of the red significance threshold (a = 0.05)), imply the cross-partial derivative RMS of the raw
surface is significantly greater than a random surface. (B) Heatmap showing the average values of the Hessians calculated for every neuron’s TS. Values are
overlaid as mean + SEM across neurons. (C) Example neuron’s TS fﬂE(HH, 0¢) from the ME task. Axes: hand direction 6y (x), eye direction 6g (y), FR (z; color also
encodes FR). Directions are sampled on a6 x 6 grid. (D) Projections of the TS in image (C): hand tuning fﬂE (0r) (top) and eye tuning f"E”E (0g) (bottom), obtained by
averaging across the other effector. Points show means across trials; error bars show SEM. (E) Additive reconstruction
TYE (04, 0¢) = FUE(B) — FITE +FYE(0g) — FYE 1, where fI7E, f¥E are the means of the TCs and c is a neuron-specific baseline estimated from the grand mean
of the ME data. Axes and scale match image (C). (F) Distribution (histogram) of per-neuron reconstruction quality, reported as the coefficient of determination (R?)
between the raw surface (in image C) and the additive reconstruction (in image E). The total number of neurons contributing to the histogram is indicated on the
image (e.g., N = 251).

(G) Distribution (histogram) of per-neuron Pearson correlation coefficient between the raw surface (image C) and the additive reconstructed surface (image E)
across all neurons.

(H-N) These images depict the same visuals as (A-G) but for the SPL.
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association between the surfaces of all neurons (Figures 2G
and 2N).

Finally, while the data suggest that neural representations are
separable on the single neuron level, it is common to investigate
if separability extends to population codes. Conveniently, it is
possible to analytically prove that if all neurons are additively
separable, then any linear projection of the population activity
will also be separable (see STAR Methods). We tested this impli-
cation for each session and identified a demixed additive basis
where the projected population activity was additively sepa-
rable, as evidenced by a parallelogram structure in the popula-
tion latent space (Figure S2). The variety of measures reported
here provides convergent empirical evidence that neurons in
both brain regions can be reasonably treated as additively
separable.

Neurons in SPL are mixed selective

After establishing separability of single-neuron representations,
it is justified to treat projections of TSs as single-variable TCs.
Projected ME TCs and empirical SE TCs were used to calculate
selectivity of all recorded neurons. Commonly, selectivity is
determined by an ANOVA. However, we found the distribution
of data for each trial condition to be heteroskedastic with non-
Gaussian FR residuals, thereby violating the assumptions of
ANOVAs (Figure S3). This motivated the use of a nonparametric
approach to assess tuning significance. The nonparametric
approach we used was a permutation test of TC amplitude
(A)C<; Figures 3A and 3F), with significance determined from
Benjamini-Hochberg-adjusted q values (q)c(‘med) computed
across bootstrap resamples (see STAR Methods). Neurons
were assigned to four classes by significance testing: “hand”
or “eye” if only one effector’'s TC amplitude was significantly
above baseline; “both” if both were; and “none” if none were.
This analysis revealed a marked difference in effector selectivity
between the two cortical areas. In MC (Figure 3B), the population
was dominated by hand-selective neurons (=~ 85%), with very
few eye-selective (<1%) or mixed-selective (~1%) units, and a
minority of non-selective neurons (x14%). In contrast, SPL
(Figure 3G) exhibited a large population of mixed-selective neu-
rons (~50%), alongside hand-selective (~ 39%), eye-selective
(~4%), and non-selective (~ 7%) neurons.

In addition to selectivity, we also specifically investigated
single-neuron activity during congruent H-E movements (both
effectors directed to the same target) and incongruent H-E
movements (effectors directed to different targets). Compari-
sons of mean FRs revealed that neurons generally exhibited
similar levels of activity across congruent and incongruent con-
ditions. Thus, we did not observe any evidence for preferential
encoding of any specific combination of movements
(Figures S4D and S4L).

Neuronal representations are generalizable across
experimental contexts

To assess generalizability of the representations across ME and
SE contexts, projected ME TCs (f¥€ & f¥F) were compared to
empirical SE TCs (f3f & fEF) in both MC (Figure 3C) and SPL
(Figure 3H). Two metrics were used for comparison, TC peak-
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to-peak amplitude A)c( (Figures 3D and 3l) and preferred direction
(PD) PD§, (Figures 3E and 3J) (see STAR Methods).

In the MC, hand-selective neurons (making up ~ 85% of
MC neurons) demonstrated hand TCs with highly correlated
amplitudes and PDs between the ME and SE contexts (r = .75
and r = .82 respectively) (Figures 3D and 3E). In the SPL,
mixed-selective neurons (making up ~ 50% of SPL neurons)
demonstrated preservation of both hand and eye representa-
tions across contexts. Hand TCs showed high correlation of
amplitudes and PDs across contexts (r = .60 and r = .58
respectively). Eye TCs showed moderate correlation of
amplitudes (r = .45) but weaker correlation of PD (r = .15)
across contexts. While present, eye representations in
SPL were generally weaker and noisier than hand
representations.

Projected ME TCs have a baseline FR equal to the grand mean
of the ME TS, which is affected by both hand and eye move-
ments. SE TCs, which involve movement of only one variable,
have baseline FRs that differ from those of coordinated move-
ments. This discrepancy is most apparent for eye TCs in MC
(Figure 3C). Because eye movements are not encoded in MC,
the SE eye TC baseline is low, whereas the projected ME eye
TC baseline is elevated due to the influence of concurrent
hand movements. When composing SE TCs into surfaces, we
accounted for this by calculating the predicted baseline FR for
the TS as a linear combination of the SE baselines (see STAR
Methods).

Despite being well correlated, ME TCs showed systematically
higher Z-scored peak-to-peak amplitudes than their SE counter-
parts (Figures 3D and 3I). This is caused by greater variation in
the SE TC amplitudes, in part due to a fewer number of SE trials.
Across 251 neurons in the MC, hand TC amplitudes had an
average coefficient of variation (CV) of .15 for ME data but .24
for SE data. Across 161 neurons in the SPL, hand TC amplitudes
had an average CV of .20 for ME data and .26 for SE data. This
systematic difference in CV resulted in a greater-than-one ratio
between ME and SE Z-scored amplitudes across neurons in
both brain areas (Figures 3D and 3I).

Together, these results show that SPL contains many
mixed-selective neurons whose hand and eye tunings are both
generalizable from the SE to ME context. The SPL population
is therefore separable, mixed-selective, and generalizable. Sub-
sequently, these properties can be leveraged to build composi-
tional, SE-derived generative models capable of decoding ME
movements.

Composed single-effector models decode multi-
effector behaviors
After establishing that a subset of PPC neurons was additively
separable, mixed-selective, and generalizable, it was possible
to create compositional surfaces from SE data that are compa-
rable to the raw ME surfaces. If the two surfaces are effectively
the same, from the perspective of likelihood evaluation, their de-
coding performance should also coincide.

Using the ME data (Figures 4A and 4B), we estimated each
neuron’s TS fME(Gy,0¢) from 216 training trials (36 H-E
combinations x 6 repeats). For the SE data (Figures 4C and
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Figure 3. Selectivity and generalizability of single neurons in MC and SPL

(A-E) Summarize the selectivity and generalizability of neurons in the MC. (A) Example hand and eye TCs; light gray horizontal lines mark TCs’ peak and trough,
and a vertical line marks the TCs’ PD. (B) Population scatter of Z-scored TC amplitudes (hand vs. eye) for all neurons; points are colored and shaped by the
selectivity permutation test outcome (red circle, H; blue triangle, E; green square, both). (C) Overlaid ME (gray) and SE (black) TCs for an example hand-selective
neuron (red outline). (D) Scatter of Z-scored amplitudes in SE (x axis) versus ME (y axis) for hand-selective neurons, with Pearson r reported. (E) Confusion matrix
comparing SE and ME PDs for the same neurons. (F) Amplitude definition on example TCs.

(G and H) (G) Population amplitude scatter with the same color code; (H) overlaid ME (gray) and SE (black) TCs for an example both-selective neuron (green
outline).

() SE-ME amplitude scatter for both-selective neurons, Pearson r reported.

(J) Confusion matrix comparing SE and ME PDs for the same both-selective neurons.

Images (F-J) share a parallel structure to (A-E) but for neurons in SPL.

Points in panels (A, C, F, H) show mean firing rates; error bars indicate the standard error of the mean (SEM).

4D), we estimated the compositional TS ,?zg (6, 0) by summing  tors). Three similarity metrics, Pearson correlation, grand mean
two SE TCs per neuron (hand ng(QH) and eye fEE(‘gE)) estimated FR, and peak FR, all showed that the SE-bgsed compositional
from 108 SE training trials (6 directions x 9 repeats x 2 effec- surfaces closely matched the raw ME TSs (Figures 4E-4G).
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For all surfaces, we used circular kernel regression to obtain a
smooth, continuous estimate of the mean FR at any behavioral
state (see STAR Methods). Using this kernel, we defined a likeli-
hood p(ref0) for each surface given an observed FR (rref)-
Assuming conditional independence of neurons we created a
population likelihood by summing the log-likelihoods across
neurons. We used the agreement of the independent neuron like-
lihoods in the population, as well as assuming a uniform prior
over O, to perform Maximum a Posteriori (MAP) estimation of
effector state (see STAR Methods). This enabled the creation
of two MAP-based decoders, one for the SE-based composi-
tional surfaces and another for the raw ME surfaces. MAP de-
coding accuracies are presented as the fraction of test trials
with correctly inferred H-E state (between 6 discrete bins accu-
racy from pure chance is 16.67%). The accuracy of both MAP
decoders was evaluated on the same held-out ME test set of
108 trials per session (36 combinations x 3 repeats).

Using an empirical maximum of 45 mixed-selective neurons,
ME decoding accuracies for hand and eye movements were
69% and 36%, respectively, while SE decoding accuracies
were 66% and 34%. Inverted dropping curves (Figures 4H-4K)
further demonstrated near-identical accuracy scaling for ME-
and SE-trained models, with saturating fits that extrapolated to
similar ceilings (see STAR Methods). However, only 14.6 SPL
neurons, on average, were recorded simultaneously per session.
Therefore, when using the full recorded population from each
session, mean hand and eye decoding accuracies were 42.2%
and 27.7%, respectively, for the ME-trained decoder, compared
with 37.8% and 24.5% for the SE-additive decoder.

We also examined decoding error across various H-E target
combinations (Figure S4). Although very modest variation in de-
coding error was observed across target combinations, there
was no evidence of systematic differences in decoding perfor-
mance across movement conditions in either brain area
(Figures S4E, S4H, S4M, and S4P). In particular, we evaluated
decoder performance separately for congruent and incongruent
H-E target combinations. In SPL, average ME-model-based de-
coding error was 58° for congruent trials and 62° for incongruent
trials, while average SE-model-based decoding error was 67°
and 69°, respectively (chance decoding error = 90°
Figures S4AM-S4P). These results suggest that decoding accu-

Cell Reports

racy was relatively uniform across the sampled movement
space.

Because MC exhibited negligible eye-related modulation and
therefore did not support a meaningful H-E compositional
model, the compositional decoding analyses (Figure 4) were
restricted to SPL. However, to explore whether MC provides
complementary information during coordinated movements,
we also trained ME decoders using the combined MC and SPL
population. Pooling the two regions modestly increased hand-
decoding accuracy relative to SPL alone (52.8% versus 42.2%)
but left eye-decoding accuracy essentially unchanged (28.3%
versus 27.7%), consistent with MC contributing primarily hand-
related information (Figure S5).

Despite the ME model being trained with twice as many trials
as the SE-based compositional model (216 trials vs. 108 trials),
the compositional model achieved roughly the same decoding
accuracy when evaluated on the same test set. The SE-based
decoding succeeded precisely because the SE-composed sur-

face fﬁgn(GH, 0k) was an accurate surrogate for the ME surface
fF",”,E,,(eH, 0c). Therefore, the decoding results and representa-
tional similarity metrics are decisive evidence of the composi-
tional coding of single neurons in PPC during the execution of
an H-E coordinated center-out task.

DISCUSSION

The central result of this study is that, in the SPL of PPC, hand-
and eye-movement codes are independent components of the
neural representations arising from H-E coordinated movements
during conventional center-out tasks. This is significant because
it implies that, in SPL, eye-movement activity can be disen-
tangled or marginalized over during the decoding of certain co-
ordinated behaviors. We also demonstrate that separable codes
can be used compositionally to decode coordinated movements
from models trained on isolated movements. This work also de-
velops a more general methodology for identifying composition-
ality with just three necessary and sufficient representational
properties.

The first property, additive separability, ensures that ME TSs
are well approximated by the sum of their one-dimensional

Figure 4. Compositional SE models decode behaviors about as well as ME models in SPL
(A) Schematic of the ME center-out task in which hand and eye targets at angles 6, and 0g are presented simultaneously. Training uses 216 trials per session (36

combinations x 6 repeats).

(B) Example TS f(0,0g) derived from ME raw data (surface height and color encode FR).
(C) Schematic of the SE tasks in which hand and eye movements are executed on separate trials in the same six directions; training uses 108 trials per session

(hand: 6 x 9; eye: 6 x 9).
(D) Additive compositional surface constructed from SE curves.

(E) Histogram of Pearson correlation coefficients between ME and SE TSs for 81 mixed selective neurons in SPL.

(F) Scatterplot of baseline FR for the raw ME surface versus additive SE surfaces of 81 both selective neurons.

(G) Scatterplot of peak FR for the raw ME surface versus additive SE surface for same 81 neurons.

(H) Inverse dropping curve: hand (left) and eye (right) decoding accuracy as a function of the number of neurons used in inference; light green points are per-
session accuracies and dark green curves are saturating fits extrapolated beyond the observed range.

(I) Decoding confusion matrices for hand (left) and eye (right) from the session with most neurons; rows are true bins, columns are predicted bins, values are row-

normalized, and mean diagonal accuracy is shown above each matrix.

(J) Inverse dropping curve but for the accuracy of prediction with the compositional model (format as in H; same ME test set).

(K) Decoding confusion matrices for the compositional decoder (format as in ).
All images use only SPL data. (H-K) enable a direct, like-for-like comparison between ME-trained and SE-trained decoding on an ME test set of 108 trials per
session (36 hand-eye combinations x 3 repeats).
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projections (Figure 2). In SPL, 79% of neurons had neural repre-
sentations that were additively separable into independent
hand- and eye-movement TCs with no significant variable inter-
actions. While 21% of neurons in SPL had representations with
structured variable interactions, the interactions were weaker
than the still-present separable hand and eye components. To
identify additive separability in neural representations, we use
cross-derivative energy as diagnostic tool (Figures 2A, 2B, 2H,
and 2l). Zero cross-derivative energy alone is necessary and suf-
ficient for additive separability (see STAR Methods). Beyond H-E
coordination, the cross-derivative framework also generalizes
naturally: in n variables, additive separability corresponds to a di-
agonal Hessian over the full domain and the vanishing of all
mixed finite differences. We also posit that this representational
feature could be embedded into learning objectives by penal-
izing cross-derivative energy, thereby biasing models toward
additive, compositional solutions.

The second property, mixed selectivity,*® establishes that the
separable projections of TSs are significantly correlated with
more than one behavioral variable. Here, the contrast between
SPL and MC was stark. MC neurons were overwhelmingly
hand-tuned, with negligible encoding of eye movements
(Figures 3A and 3B). In contrast, approximately half of neurons
in SPL were significantly tuned to both the hand and eye
(Figures 3F and 3G). These findings are consistent with known
differences in functional specialization between MC and SPL.
The MC has many subregions, each of which encodes the motor
commands of specific body parts with few confounding signals.
Meanwhile, the SPL encodes movement commands across
many parts of the body, including the hand and eye, and poten-
tially movement in a common distributed space.”®*° This
perspective is supported by similar decoding accuracy of
congruent and incongruent H-E movements (Figure S4). These
observations are consistent with the broader finding that SPL
neurons do not preferentially encode specific H-E target combi-
nations, but instead represent hand and eye movement direc-
tions through separable mixed-selective tuning.

The third property, generalizability, guarantees that indepen-
dent neural codes are consistent across single- and ME behav-
ioral contexts. In SPL, the amplitude and PD of hand-movement
representations were moderately to strongly correlated between
SE and ME contexts. Meanwhile, for eye-movement representa-
tions, amplitude and PD were only moderately correlated be-
tween contexts, in part driven by weaker overall encoding
strength (Figures 3l and 3J). These results indicate that SPL pro-
vides stable, reusable representations of both hand and eye,
with an evident asymmetry in strength.

When these conditions hold simultaneously, models assem-
bled solely from SE-derived modular TCs can be used to accu-
rately decode ME behaviors. A compositional decoder trained
solely on SE data achieved comparable decoding performance
on held-out ME trials as a decoder trained directly on ME TSs,
despite the latter having twice as many training samples
(Figures 41-4K). This equivalence demonstrates the advantages
afforded by compositionality. The ability to build accurate ME
decoders from reusable SE modules suggests that future BMls
could exploit compositional codes to reduce training demands
and improve versatility of BMIs.*™* Moreover, this modular
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encoding strategy also facilitates the subtraction of unwanted
separable neural codes, thereby improving decoding
performance in the presence of confounding behavioral vari-
ables. If a similar compositional structure extends to additional
effectors encoded in PPC, this region may represent a promising
target for future BMI implantation.

Another contribution of this work is the demonstration of sim-
ple, nonparametric likelihood-based decoders. When making
scientific deductions, decoding performance is commonly
used as a proxy for representational structure in BMI
studies.®**“5 However, likelihood-based decoders directly link
representation geometry to decoding performance. This link
shifts the construction of compositional decoders to the repre-
sentational level, where additive neural components can be
combined intuitively and then mapped to decoding.

While these findings largely concern single-neuron represen-
tations, we also proved that single-neuron additive separability
guarantees additive separability of population codes under linear
projections (see STAR Methods and Figure S2). Mixed selectivity
and generalizability trivially extend to population codes as well.
This unifies single-neuron- and population-level conclusions.
However, it also emphasizes that, at both the single neuron
and population level, neurons in SPL can be treated as additively
compositional.

In summary, these results show that neurons in SPL of PPC
employ separable, mixed-selective, and generalizable encod-
ings of H-E coordinated movements during common BMI tasks.
Together, these properties establish a framework for identifying
compositionality that can be applied beyond this study. Compo-
sitionality is a particularly useful principle, as it directly links
modular neural representations to modular decoding architec-
tures and enables neural decoders to generalize beyond their
training conditions. This study provides a foundation for future
work examining when modular neural codes can be extracted
and leveraged to build more flexible ME BMis.

Limitations of the study

First, all data were obtained from a single participant, making this
work a case study. While the findings provide a proof of principle
that SPL neurons exhibit compositional coding of H-E move-
ments, broader generalization will require replication in addi-
tional participants and in neighboring brain regions to establish
whether the observed properties are consistent across individ-
uals and cortical areas.

Second, the experimental design imposes constraints on how
hand and eye representations can be dissociated. Because par-
ticipants must use their eyes to perceive target cues, it is difficult
to elicit hand movements independently of eye movements.
Consequently, small eye movements occasionally occur during
trials that are misaligned with the goal/eye target. This coupling
creates a potential confound, as eye activity is inextricably linked
to the command structure of hand movements in this task. We
did not observe any consistent behavioral confounds due to
this task structure, but it likely contributed to the noise floor of
the experimental results. One possible solution is to study com-
positionality in naturalistic behaviors without explicit trial com-
mands, where neural and behavioral activity can be analyzed
post hoc.
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The task design discretized both hand and eye movements
into six directions, and all analyses were performed on the result-
ing 6 x 6 tuning grids. This coarse discretization may obscure
finer-grained nonlinearities or interactions that only emerge in
continuous movement spaces. Likewise, while the cross-deriva-
tive energy test is mathematically rigorous, finite differences on a
sparse grid may lack sensitivity to local deviations from addi-
tivity. Thus, our conclusion of negligible interaction energy
should be interpreted in light of the resolution limits imposed
by the task and sampling.

Another limitation concerns the asymmetry of representations
in SPL. While hand signals were robust, eye signals were consis-
tently weaker and noisier. This asymmetry raises the possibility
that neuronal representations in the SPL only appear additive
compositionality due to the weakness of the eye representation.
If the eye is weakly represented, then it is possible that variable
interactions with the eye are weak as well. Extending the analysis
to effectors with more balanced encoding strength, such as
bimanual limb movements, may clarify whether compositionality
is a universal property of SPL or a result of asymmetric encoding.

Finally, the decoding analyses rested on assumptions of con-
ditional independence across neurons and time invariance of
representations during recording sessions. Both assumptions
are common in BMI modeling but are known simplifications of
neural population dynamics. Dependencies across neurons or
time-varying representations could alter the apparent degree
of compositionality or its utility for decoding. Future work using
larger-scale, simultaneous recordings and models that explicitly
account for cross-neuronal correlations may provide a more
complete picture.

Together, these limitations highlight the need for additional
work to validate compositionality as a general coding principle.
While the present study establishes a strong initial case in SPL,
broader evidence across participants, brain areas, behavioral
paradigms, and analytical frameworks will be essential to
confirm its scope and robustness.
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KEY RESOURCES TABLE

REAGENT or RESOURCE SOURCE IDENTIFIER

Deposited data

Processed Data (FR and behavioral data this paper CaltechDATA: https://doi.org/10.22002/
matrices) p50pc-49s61

Archived code for data analysis and figure this paper Zenodo: https://doi.org/10.5281/zenodo.
production 22969624

Software and algorithms

MATLAB (R2024b) The MathWorks Inc https://www.mathworks.com

MATLAB - Statistics and Machine Learning The MathWorks Inc https://www.mathworks.com/products/
Toolbox statistics.html

MATLAB - Parallel Computing Toolbox The MathWorks Inc https://www.mathworks.com/products/

parallel-computing.html

EXPERIMENTAL MODEL AND STUDY PARTICIPANT DETAILS

This study included one human participant in a single group assignment. The participant (RD) was a 40-year-old white Hispanic male
with an incomplete C3/C4 injury resulting in chronic quadriplegia with retained limited voluntary movement of the shoulders and prox-
imal arm. Consequently, instructed reaches were attempted and partially-to-fully executed, whereas gaze shifts were fully executed.
The participant was implanted with 64-channel NeuroPort Utah electrode arrays. Implant locations were determined using anatom-
ical priors and preoperative fMRI (Figure S6). The first array was implanted in the Superior Parietal Lobule (SPL) in the PPC. The sec-
ond array was implanted in the Supramarginal Gyrus (SMG) of the PPC. SMG was found to not respond to hand and eye movements
and was thus not used in this study. The third and fourth arrays (MCM and MCL) were implanted in medial and lateral regions of the
motor cortex hand knob, respectively. Due to functional similarity, these arrays were pooled and analyzed as a single motor cortex
(MC) population.

The human studies presented in this work are approved and overseen by the institutional review boards of the California Institute of
Technology (IR23-0401), University of California Los Angeles (IRB-13-0576-AM-040), and Casa Colina Rehabilitation Center
(IRB00002372). Informed consent was obtained from all enrolled subjects.

METHOD DETAILS

Experiment/multi-effector task

We developed a multi-effector center-out task (Figures 1A and 1D) to induce coordinated hand-eye movements (Video S1). The task
consisted of a central fixation marker and six peripheral markers positioned at a fixed radial distance from the center. During multi-
effector (ME) trials, two targets were presented at the six peripheral locations. The participant was instructed to simultaneously
perform a reach (hand movement) toward one target and a gaze shift (eye movement) toward the other target displayed on the
screen. This produced 36 (6 x 6) possible hand-eye target combinations, including trials in which both targets appeared at the
same location.

During single-effector (SE) trials, only one target was presented at one of the six peripheral locations. Separate hand-only and eye-
only movements generated an additional 12 trial types (6 hand targets +6 eye targets). Finally, a single rest trial was included as a
control, in which both targets were presented at the central marker and no movement was instructed. In total, the task contained
49 trial types, each repeated three times within a block, resulting in 147 trials per block. On each of the 11 recording sessions,
the block was performed two or three times.

During a block, trials were pseudo-randomly interleaved such that all 147 trials were completed but in a randomized order. To pre-
vent rhythmic task structure from confounding neural activity and to discourage anticipatory or preparatory movements, trial timing
was uniformly randomized. This resulted in an inter-trial interval of 1-1.5 s and a Go phase of 2.5-3.5 s during which movements were
performed. This duration was sufficient for the participant to complete the instructed reach and gaze-shift behavior. If the movement
was completed before the end of the Go phase, the participant briefly maintained their hand and gaze at the target locations until the
trial ended.
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The movement angle, from the center of the screen, was the primary behavioral metric used for both hand and eye movements. To
verify the participant’s correct execution of the task, eye movements were recorded with a 90 Hz binocular Tobii eye tracking system
(Video S2), and hand movements were recorded using an external video camera (Video S3). These recordings were used to confirm
that movements were performed in the instructed direction but were not used to extract detailed kinematic trajectories. Behavioral
labels were instead defined by the instructed target locations presented during the task.

Neural signal recording and processing

Neural signals were recorded using the NeuroPort Neural Signal Processors (Blackrock Microsystems Inc.), then ampilified, filtered with
a bandpass range of 0.25-5 kHz, and digitized at 30 kHz with 16-bit resolution. Action potentials (spikes) were detected by applying a
threshold set at —3.5 times the electrode’s root-mean-square voltage. Single neurons were identified using the k-medoids clustering
algorithm, with the optimal number of waveform clusters determined by the gap criterion. (Figure S7) Clustering was performed on a
space comprised of principal components that collectively accounted for 95% of the waveform variance. Spike sorting was performed
independently for each recording session. Neurons were not tracked across sessions; therefore, all isolated units were treated as in-
dependent session-specific neurons. Lastly, average FR is calculated as the number of spikes per second for each sorted single neuron.
We use the FR instead of raw counts due to randomized trial lengths. Each neuron’s activity is quantified as the average FR across the
entire “Go” phase of the trial (2.5-3.5 s). Neurons with an average FR less than or equal to 1 Hz were excluded from the analysis.

Empirical tuning curves and surfaces
We represented neuron TCs nonparametrically. Let r; be the FR on trial t. Let X € {H,E} be our two effector Hand and Eye, respectively.

Let C € {ME,SE} be the two experimental contexts. For each effector, let 6x € {9(1) ey 0;6)} be the angles of the 6 targets and

bx(t) € {1, ...,6} be the target index for trial t. Let TSF, TEE, and TME be the set of single effector hand, single effector eye, and
multi-effector trials, respectively. We defined single effector TCs as

1
E (6} = Z .

[ eTF b K

Similarly, we defined the multi-effector tuning surface as

1
fUE (01, 0F) = _
(H?E) |{t6TME () = i, be(t) —j}| tz It

eTHE
bEEg _J,
These nonparametric forms allow us to compare the representations with raw data rather than models that approximate the data.

Additive separability is equivalent to zero cross-partial derivatives
Claim: A function is additively separable if and only if it has no cross-partial derivatives.
Proof:
(=) Additively separable = zero cross-partial.
If )‘(QH7 195) = g(HH) + h(QE) then ng(QH,GE) = g’(HH), and f(JHHE(eH:GE) = 69 (QH) = 0.
(«) Zero cross-partial = additively separable.
Assume, for all 6,0k,

fouoe (OH,06) = 352 (ong(QHﬁE)) = 0.

Therefore, fy, (61, 0€) is independent of 9. Hence there exists a function a(fy) such that

f(,vH (9}-{,05) = 6(9;.1).

Integrating with respect to 6y gives us.

f(9H7HE) = fa(HH)dGH +h(95) = g(HH) +h(05)

where the “constant of integration” h may depend on 6¢ and g(6) = [ a(6n)d6. Which, in turn, yields the equation for ad-
ditive separability.

So,

fou0e (O1,0E) = 0 = f(6n,0e) = 9(04)+h(0). QED

Separability calculations
A TS (function) is additively separable if and only if it has no cross-partial derivatives. Cross-partial derivatives are defined as

OPF (0, 0)
0000

14 Cell Reports 45, 118204, November 24, 2026



Cell Reports ¢? CelPress

OPEN ACCESS

This cross-partial derivative can be calculated numerically on the discrete grid using centered finite differences with circular wrap-
around indexing in both angular dimensions. (see cross derivative finite difference).

TSs of neurons which are not mixed selective, are trivially additively separable because they are functions of only one variable. For
example,

PFOy) _ 0 (0F(9H)> -2 (0 =o.

00400c 00y \ 00g O

Calculating the cross-derivative of neuron TSs is useful method when determining the interactions of variables in neural represen-
tations. This method benefits from naturally extending to systems with increasing numbers of effectors via the formalism of the Hes-
sian matrix. The Hessian matrix quantifies the local curvature of a function by quantifying its second-order partial derivatives with
respect to a pair of variables. A function (F) of two variables has a 2 x 2 Hessian matrix of the form

OPF (01,0e)  PF(On, k)

0 00100k
H(F(0n,0¢) = VQVF(Ou,0¢) = | ,
PF(0n,0¢) F (61, 0¢)
00e 06y PO

In the context of neuronal representations, each element of a 2 x 2 Hessian reflects how sharply a neuron’s FR changes with respect
to hand and eye movements, either independently (diagonal terms) or jointly (off-diagonal terms). If a TS’s Hessian is diagonal over its
whole domain, it has no cross-partial derivatives and therefore is additively separable.

Additively separable functions have no cross terms. Therefore, additively separable TSs can be expressed as a simple sum of in-
dependent TCs

flE (6n,0c) = giF (Bn) +hi* (k)

where g(6y) = fE(64) — fE is the centered hand TC averaged over all eye movements and h(fg) = fY€(0g) — FYE +cME is the
centered eye TC averaged over all hand movements plus the ME baseline activity (see projections and additive surfaces).

When calculating all of these cross-derivative quantities, biological noise and measurement error prevent values from being exactly
zero. Therefore, cross-derivative values were measured as the root-mean-squared (rms) deviation (rgys; see root-mean-squared
calculation) of cross-derivative of the TS from zero. These cross-derivative deviations could subsequently be compared to deviations
arising from baseline noise.

Two pass smoothing
To reduce high-frequency sampling noise while preserving large-scale curvature structure, smoothing was applied twice
sequentially:

F® = S(s(F)

where S( -) denotes the circular kernel smoothing operation (see Circular Kernel mean and variance).

This 2-pass procedure is equivalent to convolution with the kernel twice and results in a smoother effective kernel with reduced
variance.

The identical 2-pass smoothing procedure was applied to both empirical and permuted TSs. Therefore, smoothing does not bias
the permutation test (see separability permutation test), as both observed and null statistics are computed under the same estimator.

The rationale for this decision is that second derivatives scale like:

OF ~—
A
and thus amplify bin-level noise by a factor proportional to 1/A6%. On a coarse 6-bin grid, this amplification is substantial. The 2-pass
smoothing stabilizes derivative estimates while preserving meaningful curvature structure at the scale of behavioral sampling.

Cross Derivative Finite Difference
When testing additive separability, we quantified the cross-derivative energy of the multi-effector TS f45 (6y,0¢). On the discrete 6 x 6
grid, mixed partial derivatives were estimated using centered finite differences with circular wrap-around indexing in both angular
dimensions.

Specifically, at grid point (h,e),

dzf,’f,”EE(QH,QE) Nfﬁ,”,f(h+A9H,e+A6'E) — f,,_\,/’EE(h+A9H,e — AQE) — fnyE(h — A9H76+AQE)+fMEE(h — AHH,e — AQE)
004 00 | ey N ’
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with uniform spacings A8y and Aég.

For each neuron we summarized interaction strength by the root-mean-square Hz/rad? (see root-mean-squared calculation)
across evaluated grid points from a zero reference. Since finite sampling noise ensures a nonzero baseline rrys even under true
separability, we constructed a permutation-based null. For each neuron, FRs were randomly permuted (1000 times) across trials
while preserving angular coordinates. The TS, its derivatives, and the RMS statistics were recomputed for each permutation to
form a null distribution, and significance was assessed using a right-tailed permutation test. An FDR-BH adjustment was used
due to repeated tests for each neuron. Positive test results implied neurons had significant cross-derivatives/variable interactions
and negative results implied neurons were additively separable with no variable interactions.

Root-Mean-Squared Calculation

When comparing the deviation of cross-derivative surface from zero we used root-mean-squared as a metric. For each neuron we
evaluated root-mean-square across all grid points,
2
)
(he)

PFUE (O, 0F)
AMSne = \jmz< 06 00

where M is the number of points included.

Projections and Additive Surfaces
Additive separability enables the transformation of ME TSs into ME TCs as well as the combination of SE TCs into SE TSs. Projections
of separable ME TSs onto individual variables are

fiIE(6n) = (FUE (O, O6)) g T (O) = (FliE (6w, 0k))g,»
where the symbol (-) denotes averaging across the variable’s bins. Centered versions of these projections
9(0k) = ffE(6n) — FifF.h(0e) = ¥ (0) — FEF +cli
can be understood as TCs of each variable in the ME context, where fifE = (fYE (61)),, and f¥E = (f¥E (gk)),, are the means (base-

line FRs) of the projections. The constant c}E is the grand mean of TS (fME (g, 0€))q, o - CeNtering TCs prevents double-counting the

baseline FRs and the offset cME restores the baseline appropriate to the context being modeled.
These ME TCs can now be easily compared to their SE TCs counter parts using representational similarity metrics (see
representation similarity metrics). However, using our equation for additive separability

fliE (6n,0e) = giF (6n) +hi® (k)

we can reconstruct ME TSs from our projection based ME TCs without loss of information. Such reconstructed ME surfaces take
the form

FUE (O 06) = 1112(0n) — U + 105(0e) — T wolff
Similar to the reconstructed ME TS, raw empirical SE TCs can also be composed into additively compositional TSs as
f 56 (On O) = £ (0n) — FEF + £5(0e) — T2° +CBE,

where f5F and fEF are the SE TCs, fif = (fSF (0h)),, and fEE = (fEE (0)),, are their means, and c7E is the predicted mean of the SE TS
determined using a weighted average of f7£ and f&f (see weighted SE baseline). Centering of the TCs (fSF (64) and 2 (6g)) prevents

double-counting the baseline FR and the offset c7E restores the baseline appropriate to the context being modeled. This SE TS allows
for comparison of ME TSs with new TSs as predlcted purely from SE TCs.

Residual surfaces
When characterizing inseparable neurons, it is helpful to analyze the residual surface after subtracting the additive components. The
additive component of the surface is

T (O, 06) = T (O4) — THE + FF(0e) — TYE+ClE -
Subtracting this additive component from the raw empirical surface leaves you with the residual ME surface written as
R = fYE(0n,0¢) — FME (04, 0k).

For inseparable neurons, the residual surface represents the component of the joint hand-eye response that is not explained by the
additive hand and eye marginal effects.
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Representation Similarity Metrics
Equipped with TSs and curves in both contexts ({(ME,SE}) we can compare representations with a couple key metrics. Firstly, the
preferred direction (PD) for an effector Xe{H,E} and context Ce{ME,SE} is the bin of maximal mean response,

PD§ = arg maxy, fg(6x) .
Another important metric is the amplitude of a TC as the difference in FR between the peak and trough of the TC:
AS = maxy, fS(0x) — ming, £<(6x),

where < (6x) is the TC for each effector X and each context C. Figure 3A illustrates this definition for the ME data using a light gray
segment that is centered at #% and spans AME However, the two contexts in C have different numbers of trials. The fewer number of
points used to calculate the TC in the SE context increases the amplitude variance. To account for such differences, we z-scored the
TC amplitudes using a permutation-based amplitude null distribution,

A)(? - ﬂg.o

C )

C _
Zy =
0x0

500
with ux o and ox o being the mean and standard deviation of the amplitude null distribution {A)‘ZS} . The amplitude null distribution
Sl

was created by shuffling trial labels (independently for hand and eye) and recomputing the six-bin TC. Each shuffle (s) creates
permuted amplitude A§ ; that is used in the null distribution.

Weighted SE baseline

Our results demonstrated that ME TSs had baselines most similar to the baselines of the dominantly encoded effector. This inspired
the use of a weighted SE baseline that could predict the baseline of the ME TS from SE TCs. This weighted baseline FR was
defined as

SE SE

cSE Ay FSE Ag FSE

HE = ASE, ASE 'H SE,_ASE 'E s
Arr+AZ Arr+AZ

where ASE and £ are the neurons’ tuning curves’ amplitudes and means, respectively.

Proof of population separability
In this paper we claim that if single neurons are additively separable then linear combinations (linear projections) of those neurons are
also additively separable.

Claim: If fE,Eﬁk(eH, 0e) is additively separable Vk € {1, ...,N} then a linear projection of the population g&. (64, ) is also additively
separable.
Proof 1: Let us define a linear combination of neurons as,

95E(Bh,06) : = SR - 1 Wi TG 4 (04, 0).

Assuming additive separability of the neurons,

fﬁE,k(0H7gE) = fﬁ,k(GH) - ?El‘k"'fl_g,k(gE) - ?E_k+CEIE,k'

We can then plug this definition of fSE_’k(eH, 0k) into the linear combination and distribute such that
95 (OH,0) = ZQI=1 Wik [fELk(QH) - fﬁ,k“ + Zg=1 Wik fEk(GE) - ?E,k + 22’=1 WkCﬁE,k'

Observing the structure we can simplify each sum on the RHS such that.

95 (0n.6) = g5(0n) +9E(%e) +C,
which is additive separability of the linear combination by definition. QED.
Proof 2: Let us define a linear combination of neurons as,

9Fe(Oh,0e) : = SR 1 Wik TG4 (60, 0)-
By linearity of differentiation,

N
JTHEQEE(HH,QE) = Zk: 1 Wk {ae.f)aE fIS:E,k(GH79E):|'
Assuming fSz  (0n, 0¢) are additively separable, we know their cross derivative is zero. Therefore

9505 (0n,0) = F_ wi-0 = 0.
Thus g satisfies the necessary and sufficient condition for additive separability. QED.
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Circular Kernel Mean and Variance

When estimating likelihoods based on nonparametric tuning representations the simplest approach is to compute per-bin means,
treating each bin across the curve or grid as independent categories. However, this approach leaves out useful information about
the relationship between points. TCs should be continuous, so using information from adjacent bins to smooth, improves bin
mean estimates. To do this we standardized the per-neuron FRs and used a kernel-based smoothing estimator. We used a von Mises
kernel (K) to respect circular geometry, which can be written as

Kltx) = €=,

where Ay ; = d(6x,0x ) is @ wrapped angular difference and kx is concentration (bandwidth) controlling smoothness. (small x = more

smoothing; large x = less smoothing) Next, we did 2D or 1D Nadaraya-Watson smoothing,*®~>?
> Kin(Ans) Ke(Agy) ren > Kx(Axt) fin
ME (9 0 ) teTME _SE (0 ) teTfE
/4 k) = 7” =
HE R P8 > Ki(Aue) Ke(Age) 7" X > Kx(Bxe)
teTME teTSE

The bandwidth k was chosen per neuron by 5-fold cross-validation on the training trials (CV) to minimize the Gaussian negative log
likelihood

Ky = arg minLy (),
where K = {2,4,8,12,...,32} and

Ln(k) = Z — log (p(ren |0k, Ocs 3x)) -

teCV

The likelihood p (frer |0, O ) is defined below (see Bayesian inference).
When adding the tuning curves together we again did the following:

A n(0,06) = (RSE(00) — 75 ) + (RES(0e) — S, ) + o5 -

We accompany the mean value calculations with predictive noise models. For the ME surface we calculated global variance as well
as local heteroskedastic variance using kernel weights. We define these variance calculation as

2

P 2
3 KH(AH,t) KE(AE_t)<rt7,, — ﬁﬂgn(é‘H,GE)> > (rt‘n - ﬁﬂgn(ﬁH,t,ﬁs.t))
SME .6 )2 _ teTlE (/O\_ME > _teTiE '
HE njoc\VH,VE ZMEKH (AHI) KE(AEJ) ) HE n.glob ||{ TI’-\]/’EE }”
tETHE

To provide conservative regularization we also perform shrinkage toward each neuron’s global variance

~ME 2 ~ME 2 ~ME 2
"HE,n(9H79E) = T("HEn.g/ob) +(1 -7 JHE‘n,Ioc(9H70E) )

with 0 < 7 <1 (we used 7 = 0.3). Alternatively, for the SE surfaces we kept the variance calculations independent and simply added
them as we did with the means. To assess variance for each independent effector, we calculated

> Kx(Ax.t) <rt.n - ﬁ)s(i(ex)>2

SE
2 te TX

~SE 0. =
O njoc (%) > Kx(Ax,t) 7

SE
teTy

, tZT:SE (rt.n - ﬁ)sf;, (gx.t))z
~SE _ tely
(o) = =71

UX,n,gIob
After calculating the variance independently, we also performed shrinkage

~ 2 . 2 . 2
535(00)" = t(Fgen) +(1 = 7) 35 sec0%)

toward each variable’s global variance, separately (again we used z = 0.3). We then calculated SE surface variance by adding the
independent variance values
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~ 2 —~ 2 2
Gren(On,08) = Goy(O1) + 5oy (0k)

as we did with the mean values. The mean and variance values calculated here are used to specify Gaussian likelihoods used for
stimulus inference.

Bayesian Inference
For a single neuron, a TS, given any test trial t € THE,, with observed firing vector r,,, can be turned into a likelihood

2
(’ref.n iGe  (0n9€) )

. ’ 2 e 040€)°
P (Fretn| O, O€) = N(”ref.n;/725,,7(9}4?95),355,7(9/4795) ) =—F——-c¢
27 54 n(On, O)

However, we recorded from many neurons that all respond to these movement stimuli. If we assume that neuron responds roughly
independently to a given stimulus the population likelihood becomes

N
P (Fre1, - Fro | Ohis OF) = Hp(rrefAn|9Ha9E) .

n=1

Using Bayes’ equation for inference,

N
H p(rref,n|0H70E)p(6H76E)
n=1

p07€ Fref,1s - Iref, =
( " E| e ,EN) p(rref.,hn-’rref‘N)

Assuming a uniform prior on movement directions and dropping the marginal distribution for FRs as a proportionality constant the
posterior is proportional to the likelihood,

2
(’ref.n -iCe (‘}H"}E)>
N N 1 260, (006)°
P (O, O|Frof 1 -, Fretn) H P (Fref.n| Ok, O€) H e €
n=1 n=1 2r EZE,H (9;./, 05)

Using this population posterior we performed a maximum a posteriori (MAP) estimate of 6, & 6 given observed population FRs to
Iref 1, - -»Irer,n- BeCause of assuming a uniform prior this map estimate was equivalent to a maximum likelihood estimate (MLE). Thus,
we equivalently calculated,

N
log P(9H7 9E|rref‘17 ~~~7rref,N) = Z log N(”reﬁn% ﬁZE,n(GH, k), 3E/E,,(QH’ 95)2> .

n=1

We evaluated arg maxgc ologp (HH, 95|r1 ,,efT..‘,rN,ef) on all 36 states of ® and returned 9,“ & 951.

Inverted dropping curve

To characterize how decoding performance scaled with population size, we constructed inverted dropping curves within each
recording session. For each session containing N simultaneously recorded neurons, decoding accuracy was evaluated as a function
of the number of neurons included in the model.

For a given population size x € {1, ...,N}, neurons were randomly sampled without replacement from the available pool within that
session. For each sampled subset, the decoder was trained and evaluated on the test set. Decoding accuracy was computed as the
proportion of correctly classified trials. This procedure was repeated multiple times for each x (with independent random subsets) to
reduce sampling variance.

To visualize overall scaling trends across sessions, accuracy values for each sampled subset were pooled across sessions,
yielding a set of points {(x,y)}. No cross-session normalization of neuron count was applied; instead, curves were evaluated up to
the maximum available neuron count in each session.

To summarize the scaling relationship and estimate asymptotic performance, pooled accuracy values were fit with a saturating
exponential model of the form

yx) =L — (L -y e ™,

where x is the number of neurons, y, is the fitted intercept at x = 0, L > 0 represents the asymptotic performance limit, k > 0 controls the
rate of saturation.
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Parameters y, L, and k were estimated using least squares. For visualization purposes, exponentials were extrapolated beyond the
maximum observed population size using the fitted parameters.

QUANTIFICATION AND STATISTICAL ANALYSIS
All statistical analyses were performed using custom scripts in MATLAB, and all tests were two-sided unless otherwise noted.

Weighted coefficient of determination

To quantify reconstruction quality across neurons, we compared fﬂ,”,f and ﬂ‘j’,{_:: over the common 6 x 6 grid using a weighted coef-
ficient of determination,

2
~ME
Wi (ri - r add‘i) Swir

R? =1 M= :
> Wi (ri — M)2 2iWi

where i indexes H-E bin pairs and wi can equal the number of trials contributing to cell i (or wi = 1 when coverage is uniform). Weight-
ing guarded against spuriously penalizing sparsely sampled bins.

Separability Permutation Test

To assess statistical significance of RMS deviation, we constructed a permutation-based null distribution separately for each neuron.
Within each neuron FRs were randomly permuted across trials to create a random ME surface. Subsequently the RMS cross-deriv-
ative value was recalculated based on the random ME surface. The random surface, as well as the observed surface, were subject to
two pass smoothing to reduce second derivative noise during this test (see two pass smoothing). This process was repeated many
times (N = 1000 permutations), yielding a neuron-specific null distribution:

{Rmsfy}

This null preserves the empirical firing-rate distribution and sampling density of each grid bin but destroys any systematic depen-
dence on hand and eye angle.
Then, for each neuron, a one-sided p-value was computed as

N
k =

p = N
reflecting the probability that a random surface would exhibit interaction curvature at least as large as the observed value.

Because separability was tested across large neuronal populations, we controlled the false discovery rate (FDR) at g < 0.05 using
the Benjamini-Hochberg procedure. Resulting g-values were used for all statistical inferences.

#{RMS > RMs )

Selectivity permutation tests and bootstrapping

Permutation tests were also used to determine the statistical significance of effector-specific tuning (selectivity) based on the rep-
resentation metrics (see representation similarity metrics). All statistical procedures were fully nonparametric to accommodate het-
eroskedastic and non-Gaussian firing-rate distributions.

To quantify modulation of a neuron’s FR by a given effector, we defined the z-scored tuning amplitude Z$, where X € {H,E} denotes
hand or eye and C denotes the experimental context (single-effector or ME). Tuning amplitude was computed as the range of the TC
across target angles, normalized by the standard deviation of FRs across trials.

To assess whether observed tuning exceeded chance levels, we employed a nonparametric, permutation-based statistical test.
For each neuron and condition, we generated a null distribution Z)?‘O by randomly permuting trial labels across target-angle bins,
thereby preserving the marginal firing-rate distribution while destroying any systematic relationship between FR and movement di-
rection. A one-sided p-value was then computed as

pS = Pr (zg0 zzf),

corresponding to the probability that a neuron drawn from the null distribution exhibited tuning amplitude greater than or equal to
the observed value.

Because significance testing was performed across large neuronal populations, we controlled the false discovery rate (FDR) at a =
0.05 using the Benjamini-Hochberg procedure. Each family of p-values (ME-H, ME-E, SE-H, SE-E) was converted into g-values q)c(,
which were used for all selectivity assignments.

During initial analyses, we found that increasing the number of permutations alone did not yield stable g-values across different
random seeds, particularly for neurons near threshold. To improve robustness, we therefore embedded the permutation test within
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a bootstrap procedure. Specifically, we generated B = 500 bootstrap resamples by sampling trials with replacement within each con-
dition. For each bootstrap resample b, we recomputed the tuning amplitude Z)?b, corresponding null distribution, and FDR-corrected

g-value g5 .

B B
This procedure produced a distribution of g-values {q)‘ib}b » and effect sizes {Z’%b}b _y We defined the median g-value

Q% med = Median, (q)c(‘b)
as our final significance metric, and the median tuning amplitude
Z mea = Median, (Z)??b)

as the corresponding effect size.
Neurons were classified as hand-selective if gf; .4 < @, eye-selective if gE 4 < a, both-selective (mixed-selective) if both were sig-

nificant, and none-selective otherwise.
ADDITIONAL RESOURCES

This research is part of a human brain-machine interface clinical trial (NCT01958086): https://clinicaltrials.gov/study/NCT019
580867?term=NCT01958086&rank=1.
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Figure S1. Structure of inseparable SPL neurons and their residual interaction components.
(A-F) Comparison of tuning-surface metrics between inseparable (n = 34) and separable (n = 127) SPL neurons. (A) Raw multi-effector (ME) tuning-surface
amplitude. (B) Additive-component amplitude obtained from the separable reconstruction. (C) Hand marginal tuning amplitude. (D) Eye marginal tuning
amplitude. (E) Residual interaction-component amplitude after subtracting the additive reconstruction from the raw ME tuning surface. (F) Residual variance
fraction, defined as the fraction of tuning-surface variance explained by the residual interaction component. For panels (A-F), points indicate values for
individual neurons, bars indicate distribution means + SEM, and p-values are from two-sided permutation tests comparing means between inseparable and
separable neurons. (G) Distribution of residual interaction peak locations, classified as congruent, anti-parallel, or incongruent hand—eye target combinations.
Bars show the percentage of neurons in each category + binomial SEM. Dashed lines indicate the expected proportions under a uniform distribution of peak
locations. (H) Example raw ME tuning surfaces from 3 representative inseparable SPL neurons. Heatmaps show firing rate as a function of hand and eye target
location. Arrows indicate the local gradient field. Black outlines indicate congruent hand—eye target combinations and magenta dashed outlines indicate anti-
parallel target combinations. (I) Principal orientation of the gradient field corresponding to the example raw tuning surfaces shown in (H). Red bars indicate the
|2 wieii|
Ziw
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estimated axis angle and strength, computed as 6 = %arg (Z,— w;e?idi ) ; R= respectively. (J) Distribution of principal axes for the raw tuning

surfaces of all inseparable SPL neurons. (K) Residual interaction surfaces corresponding to the same 3 example neurons shown in (H), obtained after subtracting
the additive reconstruction from the raw ME tuning surface. Heatmaps show residual firing-rate modulation and arrows indicate the local residual gradient field.
(L) Principal axes corresponding to the residual surfaces shown in (K). Red bars indicate the principal axis angle and strength for each of the residual surfaces.
(M) Distribution of principal axes of the residual surfaces for all inseparable SPL neurons.




FIGURE S2

Single Neuron Separability
A. Hand B. Eye C. Additive
Representation Representation Representation
||=0.518 |18]=0.282
r=0.95
101 10
. 8 . 8
T T
Neuron1 T = &
T w
41 4
2 0o 2
HH (rad) GE (rad)
-
Other Neurons
-
||=0.036 |3|=0.658
r=0.76
10 10
N ~
9 9 12
¥ ¥ T g
Neuron N ¢ o .l -y
w8 w8 w 4 >
-2 b\\,\ /“// 2
7 7 0.,™
B w5
-2 0 2 -2 0 2 eE BH
6,, (rad) 0 (rad)
Population Separability
D. a-Basis E. B-Basis F. Latent Space
Representation Representation Representation
3
2; |
2
. o 1
Population 35 | &1
(&) (53
Response ¢ 0 | =5 <,
-1 | .
- [ S |
2 2 41 0 1 2 3
-2 0 2 a-score
b, (rad) 0E (rad)
(x1=.62, x2=-2.52) (y1=-2.52, y2=.62)
Figure S2. Single-neuron and population additivity tested with a demixed additive basis (DAB).
All data presented here are taken from a single representative clinical session. (A—C) Single neuron activity. For each neuron, we computed mean firing rates on
a (6x6) hand—eye grid and tested additive separability. (A) Projected ME hand tuning curves of single neurons. (B) Projected ME eye tuning curves of single
neurons. The neurons’ absolute DAB loadings (|an|) and (Ba]) are reported above the tuning curves. (C) Additive ME surface (Aﬂf(ﬂﬂ, 0g)). The correlation
between the additive surface and the raw ME surface (corr(fME, FMEY)) is shown above cach additive surface.
(D-F) Population activity. Demixed additive basis vectors {a,B} < RN, representing linear combinations of all neuronal activity, were constructed by applying
SVD to the population hand and eye marginals. (D) a-basis score vs hand direction (averaged across eye directions). (E) B-basis score vs eye direction. Vertical
red lines mark the peak and trough of panel D (x1,x2) and panel E (y1,y2). (F) Four projected points, {s(xi,yj), t(xi,yj)} for (x;,¥;) € {x1,x2} X {y1,y2}, shown
in the population latent space; these points form a parallelogram.
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Figure S3. Non-normality and heteroskedasticity of single neurons in MC and SPL

Panels A—D show results for the MC and panels E-H show results for the SPL. For each brain area, the top two plots represent single-neuron results and the
bottom two plots represent population-level results. (A) Q—Q plots of studentized residuals of an example neuron against an N(0,1) reference (red line).
Residuals are defined trial-wise as 2y, = (ry;; — Tj)/S;j , where T;; and s;; are the mean and SD within each hand—eye combination (i, j). Clear curvature/tail
excess indicates non-Gaussian errors even after within-cell scaling. The reported p-value is from a Lilliefors test on the pooled studentized residuals. (B)
Spread-level plot for an example neuron. log;o(IQR;;) versus logyo(median;;) for each hand-eye combination (i, j). The solid line is a least squares linear
fit to the scattered data. The blue dashed line represents mean-variance ratio (slope=0.5) of a Poisson process (g o u'/2). Positive slopes in general indicate
heteroskedasticity. (C) ECDF of Lilliefors p-values across all neurons in the MC. The vertical dashed line marks p=0.05. Neurons with p-values less than 0.05
are significantly different from a normal distribution. (D) Histogram of spread—level slopes for all neurons in the MC. The dotted vertical lines mark 0 (no mean—
variance relation) and 0.5 (Poisson mean-variance relation). Distributions centered above zero indicate heteroskedasticity. (E-H) Same plots as A-D but for
neurons in the SPL.
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Figure S4. Neural activity and decoding performance during congruent and incongruent hand—eye movements.

(A-D) MC encoding analyses. (A) Selectivity classification of MC neurons into hand-selective (H), eye-selective (E), mixed-selective (Both), and non-selective
(None) categories. (B) Distribution of preferred directions for hand-selective and mixed-selective MC neurons. (C) Distribution of preferred directions for eye-
selective and mixed-selective MC neurons. (D) Comparison of average firing rates during congruent and incongruent hand—eye movement trials for all MC
neurons. Each point represents one neuron, and the dashed line indicates equality. (E-H) MC decoding analyses. (E) Mean prediction error of the ME decoder
for each hand-eye target combination. Black outlines indicate congruent target combinations and magenta dashed outlines indicate anti-parallel target
combinations. (F) Mean (+ SEM) ME decoding error for congruent and incongruent movement conditions. (G) Mean (+ SEM) SE-compositional decoding error
for congruent and incongruent movement conditions. (H) Mean prediction error of the SE-compositional decoder for each hand—eye target combination. (I-L)
Same encoding analyses but for SPL. (M—P) Same decoding analyses but for SPL.




FIGURE S5

Hand

Eye

Accuracy (H)

] 50 100 150 200
# Neurons used

(acc=71.3%)
e
. 0.5

o

True H bin
8] i

“n

2 4 6

Pred H bin
G.
1 ;
I
0.8 l
w 1
=0.6 ]
(8] |
© i
3 0. ‘
Q
<
0.2+

0 50 100 150 200
# Neurons used

<

(acc=36.1%)
6
=
o 4
"!;,' 0.5
c
-2
0
2 4 6
Pred E bin

Accuracy (H)

0
0 20 40 60 80
# Neurons used

m

(acc=54.6%)

6
c
= 4
T
© 05
2
-2
) ' 0
2 4 6
Pred H bin

1
1
08" |
G'J“ 1
— 1
=06 |
Q |
@ |
304 :
£ |

0.2 == - JI_N=J‘J‘ 167
|
0 L

0 20 40 60 80

# Neurons used

~

(acc=16.7%)
6 I
£
ﬂ 0.5
=
=2
—— -0
2 4 6
Pred E bin

Figure S5. ME decoding using combined and region-specific neural populations.
ME decoding of coordinated hand—eye trials using neurons from the combined MC and SPL population (All), MC alone, or SPL alone. (A—C) Hand-decoding
accuracy as a function of neuron count. (D—F) Hand-decoding confusion matrices. (G-I) Eye-decoding accuracy as a function of neuron count. (J-L) Eye-

decoding confusion matrices. Columns show All, MC, and SPL, respectively. Curves show saturating exponential fits; black markers and dashed lines indicate
performance at the selected population size, and green lines indicate chance accuracy (16.7%).
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FIGURE S6
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Figure S6: Implant Locations and Neuroport Array.
Anatomical locations of participant RD’s implants. Zoomed in photo of the Neuroport Utah electrode array.

FIGURE S7
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Figure S7: Spike Sorting

Standard output of our spike sorting algorithm. The first plot is a scatter plot of all recorded spikes from a single electrode projected into the first two principal
components of waveform space. This example shows three clusters in waveform space corresponding to three unique single units. The second plot shows all
recorded spike waveforms color coded by their cluster. The third plot shows the mean waveform of each cluster.
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